In this paper, a positivity-preserving fifth-order finite volume compact-WENO scheme is proposed for solving compressible Euler equations. As we know conservative compact finite volume schemes have high resolution properties while WENO (Weighted Essentially Non-Oscillatory) schemes are essentially non-oscillatory near flow discontinuities. We extend the main idea of WENO schemes to some classical compact finite volume schemes [32] , where lower order compact stencils are combined with WENO nonlinear weights to get a higher order finite volume compact-WENO scheme. The newly developed positivity-preserving limiter [46, 44] is used to preserve positive density and internal energy for compressible Euler equations of fluid dynamics. The HLLC (Harten, Lax, and van Leer with Contact) approximate Riemann solver [39, 2] is used to get the numerical flux at the cell interfaces. Numerical tests are presented to demonstrate the high-order accuracy, positivity-preserving, high-resolution and robustness of the proposed scheme.
solutions without introducing spurious oscillations have been proposed for these problems. WENO schemes [25, 17, 35, 36] have high order accuracy in smooth region and keep the essentially non-oscillatory properties for capturing shocks. However, these classical WENO schemes often suffer from poor spectral resolution and excessive numerical dissipation.
Compact schemes [22] have attracted a lot of attention due to its spectral-like resolution properties by using global grids. These schemes have the features of high-order accuracy with smaller stencils and easier application of boundary conditions. However, linear compact schemes necessarily produce Gibbs-like oscillations around shock waves when they are applied directly to flow with discontinuities, and the amplitude does not decrease with mesh refinement. In recent years, there are a variety of methods trying to overcome this problem. A hybrid compact-ENO scheme for shock-turbulence interaction problem is proposed in [1] , where compact scheme is coupled with an ENO scheme near discontinuities. A similar hybrid scheme which coupling a fifth-order compact upwind algorithm in a conservative form with WENO scheme is proposed in [32] for shock-turbulence interactions. This conservative hybrid compact-WENO Scheme is proven to have better resolution properties than standard WENO schemes and hybrid compact-ENO schemes. Ren et. al. [33] have proposed a new hybrid scheme as the weighted average of the conservative compact scheme [32] and the WENO scheme by using a smoothness indicator, the resulting hybrid scheme switches to essentially non-oscillatory scheme near the flow discontinuities. In [34] , Shen et. al. have proposed a compact scheme, in which the discontinuity is treated as an internal boundary. These hybrid schemes require indicators to detect discontinuities and switch to a non-compact scheme around discontinuities, thus spectral-like resolution properties would be lost. Another methodology for capturing discontinuities has been proposed by Deng et. al. [6] . They have developed nonlinear compact schemes, where adaptive compact stencils are used. Deng and Zhang [7] also have proposed weighted compact nonlinear schemes (WCNS) based on the weighted technique. As extensions of [6] , Zhang et. al. [43] propose to directly interpolate the flux by using the Lax-Friedrichs flux splitting and characteristic-wise projections. An improvement of the schemes [7, 43] converging to the steady-state solution of Euler equations has been studies in [42] . More nodes than a standard compact scheme are used to form the schemes in [6, 7, 43] , so that the compactness of these schemes are lost. Along this line, a new linear central compact scheme was proposed in [26] based on [22] , both grid points and half grid points are used to get higher order accuracy and better resolution. According to the idea of the WENO schemes, Jiang et. al. [18] have proposed weighted compact schemes where the final compact scheme is a weighted combination of compact substencils. By using the two biased third order compact stencils and a central fourth order compact stencil, they can get a sixth order central compact scheme in smooth regions. Ghosh et. al. have employed the idea in [18] , and developed a class of compact-reconstruction finite difference WENO schemes [11] , where lower order compact stencils are identified at each interface and combined with nonlinear WENO weights. Upwind compact schemes can be obtained by using the biased compact interpolations.
The compact methods described above are based on finite difference approach. However, In order to satisfy the governing laws of the fluid physics, finite volume approach which are inherently conservative are usually adopted. In recent years, very few papers dealing with compact schemes are based on finite volume method in literature. Gaitonde et. al. have proposed compact-difference-based finite-volume schemes for linear wave phenomena in [10] . Kobayashi extends Gaitonde's work and has proposed a class of Padé finite volume methods for linear equations in [19] . Piller et. al have developed compact finite-volume schemes based on staggered grids for numerical simulation of collinear Navier-Stokes equations in [30] . In [31] , Piller et. al. have proposed another high-order compact finite volume method for the scalar advection-diffusion equation, where advective fluxes are computed by the compact scheme introduced in [32] and the diffusive fluxes are discretized by using the Padé methods [19] . In [20] , Lacor et. al. have proposed a finite volume formulation of compact central schemes on arbitrary structured grids, where the fluxes are obtained by using compact interpolation of values on cell interfaces in the physical space. In the present work, we will construct a new high-order compact scheme based on a finite volume approach for compressible Euler equations.
In this paper, we consider the compressible Euler equations. The conservative formulation of the Euler equations is given by
where U and F(U) are vectors of conserved variables and fluxes respectively, which are given by
where ρ is density, p is pressure, u is particle velocity , E is total energy per unit volume, e is the specific internal energy and γ is the ratio of specific heat (γ = 1.4 for ideal gas). The sound speed a is defined as
Physically, the density ρ and the pressure p should both be positive, and failure of preserving positive density or pressure may cause blow-up of the numerical solutions. In the past few years, many first order positivity-preserving schemes are developed, such as Godunovtype schemes [8] , the flux vector splitting schemes [15] , Lax-Friedrichs scheme [29, 46] , the HLLC scheme [2] and gas-kinetic schemes [28, 38] . Some second-order schemes are developed based on these first order schemes, such as [38, 29, 9] . In [29] In the present paper, a conservative positivity-preserving fifth-order finite volume compact-WENO (FVCW) scheme is proposed for compressible Euler equations. We employ the main idea that has been described in [11] where lower order compact stencils are combined with WENO weights to yield a fifth-order upwind compact interpolation. As an alternative to the finite difference compact schemes proposed in [11] , we design a conservative positivitypreserving fifth-order finite volume scheme for compressible Euler equations, where the positivity-preserving scaling limiter [46, 44] is used to preserve positive density and internal energy. The HLLC approximate Riemann solver [39, 2] is used as the numerical flux at the element interfaces due to its robustness and accuracy for compressible Euler equations.
The rest of the paper is organized as follows. In Section 2, the positivity-preserving finite volume compact-WENO scheme for the compressible Euler equations is presented.
Numerical tests for some benchmark problems of compressible Euler equations are studied in Section 3. Conclusions are made in Section 4.
2 Positivity-preserving finite volume compact-WENO scheme
The finite volume scheme for compressible Euler equations
In this section, we first introduce the finite volume scheme [23] for compressible Euler equations (1.1) . The computational domain [a, b] is divided into N cells as follows 
The cell average of I j is defined as 2) and the finite volume conservative scheme for (2.1) is
where the numerical fluxF j+ 1 2 is a vector function of mass, momentum and total energy at the cell boundary and is defined bŷ are obtained from a high order compact-WENO reconstruction, which will be discussed in the following subsections.
Finite volume compact-WENO scheme for scalar conservation laws
For simplicity, we consider uniform grids with cell size ∆ x j = h = b−a N , ∀ j in this paper. We first review the finite volume compact scheme proposed in [32] . The compact representation of u(x) around the intermediate node x j+ 1 2 can be written as 
we haveũ
A fifth-order compact upwind scheme in this class is for K = 5, which can yield the following scheme by taking
Symmetrically, we also have
These classical small length scale fifth order finite volume compact schemes (2.9) and (2.10) are very accurate and keep good resolutions in smooth regions, but unacceptable non-physical oscillations are generated when they are applied directly to some physical problems with discontinuities and the amplitude does not decrease as the grid is refined. To overcome this difficulty, a class of compact-reconstruction finite difference WENO schemes is presented in [11] , where lower order compact stencils are identified at each interface and combined with WENO nonlinear weights. Comparing to the classical WENO schemes, the compact-reconstruction WENO schemes [11] have higher resolution and lower truncation errors. Across discontinuities, the schemes reduce to lower-order non-oscillatory compact schemes.
In the following, we adopt the main idea of [11] to form a finite volume compact-WENO scheme, which uses a nonlinear convex combination of all candidate stencils to reduce spurious non-physical oscillations. A fifth order finite volume compact-WENO scheme will be constructed by using three third-order compact stencils as candidates, as shown in Fig.2 .1. From (2.5), for the three candidate stencils, we have
Given the cell averages {ū j }, a nonlinear weighted combination of (2.11) will result in an implicit system
where the nonlinear weights {ω 0 , ω 1 , ω 2 } will be specified later. Let u In smooth regions of the solution, the finite volume compact-WENO scheme yields a fifth-order upwind compact scheme [32] . In [3] , a set of new smoothness indicators β z k is proposed as follows
where τ 5 = |β 2 − β 0 | and the classical smooth indicators β k (k = 0, 1, 2) [35] are given by
The normalized nonlinear weights ω k are chosen to be [4] 
here ε is a small positive number to avoid the denominator to be 0, in our numerical tests, it is taken to be 10 −13 . The optimal linear weights are c 0 = ,t n ) from cell I j+1 , it can be obtained by the stencil {x j , x j+1 , x j+2 }. Similar to classical WENO schemes, near critical points, the corresponding weight approaches zero and the system reduces to a biased bidiagonal system. Across the discontinuities, the fifth-order scheme yields a thirdorder compact scheme which has higher resolution than a third order non-compact scheme.
Finite volume compact-WENO scheme for compressible Euler equations
In this subsection, we will describe the finite volume compact-WENO scheme for compressible Euler equations. The scalar algorithm (2.12) in the previous subsection will be applied along each characteristic field. As we know, the conservative Euler equations (1.1) can also be written in a quasi-linear form [39] 
where the coefficient matrix A(U) is the Jacobian matrix of F(U) and can be written as
The total specific enthalpy H is related to the specific enthalpy h, which are
The eigenvalues of the Jacobian matrix A(U) are
where a is the speed of sound (1.3) and the corresponding right eigenvectors are denotes the Roe-average of the cell averages valuesŪ j andŪ j+1 [39] .
The matrix R(U) is formed by the right eigenvectors
The present characteristic-wise finite volume compact-WENO scheme consists of the following steps: 
can be obtained from
Step 2. 4. The equation (2.21) can be rewritten as
where
Solve the 3 × 3 block tridiagonal system (2.22) by using the chasing method [13] 
The corresponding flux is
We only consider the left star state, while the right star state can be obtained symmetrically.
To determine U * l , the following assumption has been made [2]
which gives the contact wave velocity
To make the scheme preserving positivity, the acoustic wavespeeds are computed from
Define the set of physically realistic states as those with positive densities and internal energies by
then G is a convex set [2] .
We consider a first order finite volume schemē , j = 1, · · · , N will also lie inside G. This is guaranteed by proving the intermediate states U * l ∈ G if U l ∈ G and U * r ∈ G if U r ∈ G, because G is a convex set, for details, see [2] . In the following, the left star state will be considered, similar arguments hold for the right star state. That is, we need to prove if
and
From (2.28), we can get
Since the contact velocity (2.27) is the averaged velocity, we have
and ρ * l > 0 can be easily obtained. Using relations (2.28) and (2.37), (2.35) can be rewritten as
which is equivalent to
To guarantee this inequality for any value of S M −u l , the discriminant of the above quadratic function of S M − u l should be negative, which gives the following condition
and this is always satisfied with acoustic wavespeeds (2.29). are obtained by using the compact-WENO schemes in Section 2.3. We employ the idea in [44, 46] to construct high order finite volume compact-WENO schemes to preserve positive density and pressure or internal energy for the Euler system. As in [46] , we consider a polynomial vector Q j (x) = (ρ j (x)), (ρu) j (x), E j (x)) T with degree K(K ≥ 2) on I j , such that
here q depends on degree K, for example, if K = 3, q = 0 and if K = 5, q = −1, 0, 1. By using the M-point Gauss-Lobatto quadrature rule on I j and choose the quadrature points as 
Theorem 1 Consider the high order (K ≥ 2) finite volume compact-WENO scheme (2.43) with the HLLC flux (2.25) for solving the compressible Euler equations (1.1). The first order scheme (2.32) with the HLLC flux would be positivity-preserving under the condition (2.29) with the averaged intermediate states (2.28). If the reconstructed polynomial vector
Q j (x) = (ρ j (x)), (ρu) j (x), E j (x) (2.44) satisfies Q j (x α j ) ∈ G,
the scheme (2.43) is positivitypreserving (Ū n+1 j ∈ G) under the the CFL condition
Proof The proof is similar to that in [46] . By using the M-point Gauss-Lobatto rule, the cell averageŪ j can be written as
The scheme (2.43) can be rearranged as follows
Notice that the above two equations are both of the form (2.32), therefore H 1 and H M are in the set G under the CFL condition (2.45) with the HLLC flux (2.25) and the acoustic wavespeeds (2.29).
Motivated by the approach in [46, 29] , the positivity-preserving limiter for the present scheme in the one-dimensional space will be constructed. The easy implementation algorithm of WENO schemes in [44] will be adopted.
1. Set up a small positive parameter ε = min j {10 −15 ,ρ n j }.
Compute the limiter
, ρ j (x 1 * j )} and .48) 3. Modify the density by using the limiter θ 1 , let
4. Get θ 2 = min α=1,2,3 t α ε by modifying the internal energy as follows:
-if e(Ŵ α j ) < ε, solve the following quadratic equations for t α ε as in [46] 
5. The scheme (2.43) with the positivity-preserving limiter would bē
Remark 2 To prove that the limiter will not destroy the high order accuracy of density for smooth solutions, for a fifth order scheme, we need to showρ j (x) − ρ j (x) = O(∆ x 5 ) in (2.49). In the present compact scheme, although ρ are different from those in [45, 46] , the constructed polynomial ρ j (x) from (2.44) can be seen locally. Thus, the proof of preserving high order accuracy of density is similar to that in [45, 46] . Similar arguments hold for the internal energy. So the scheme (2.51) is conservative, high order accurate and positivity preserving.
Temporal discretization
Strong stability preserving (SSP) high order Runge-Kutta time discretization [14] will be used to improve the temporal accuracy for the scheme (2.51). The third-order SSP RungeKutta method is
where L(U) is the spatial operator. Similar to [46] , for SSP high order time discretizations, the limiter will be used at each stage on each time step.
Numerical examples
In this section, we will investigate the numerical performance of the present positivitypreserving fifth-order finite volume compact-WENO (FVCW) scheme. The fifth-order WENO scheme [4] will be denoted as "WENO-Z" and the original fifth order WENO scheme of Jiang and Shu [17] is denoted as "WENO-JS". We will compare the FVCW scheme to WENO-JS and WENO-Z schemes. For all the numerical tests, the third-order SSP RungeKutta method (2.52) is used under the CFL condition (2.45).
Example 1 Advection of density perturbation. The initial conditions for density, velocity and pressure are specified, respectively, as
The exact solution of density is ρ(x,t) = 1 + 0.2sin(π(x − t)). The computational domain is [0, 2] and the boundary condition is periodic. The L 1 , L 2 and L ∞ errors and orders at t = 2 for the present finite volume compact-WENO scheme are shown in Table 1 . We clearly observe fifth-order accuracy for this problem. Example 2 This example is the one-dimensional shock tube test of Lax [21] with the following Riemann initial condition
and the final time is t = 1.4. The Lax problem is a difficult shock tube problem. The exact solutions contain shock, contact discontinuity and rarefaction wave. We compute the solution on the domain [−5, 5] with Neumann boundary conditions. The density and pressure on a grid of 200 points for the WENO-JS, WENO-Z and the present finite volume compact schemes are shown in Fig.  3 .1. For this test problem, we observe that FVCW scheme is sharper than the WENO-JS and WENO-Z schemes, as it is less dissipative.
Example 3 This example is the one-dimensional shock tube test of Sod [37] with the following Riemann initial condition 2) and the final time is t = 2.0. The exact solution contains a left-running rarefaction wave and right-running contact discontinuity and shock wave. The spatial domain [−5, 5] is discretized with 100 grid points and the results are shown in Fig.3.2 . We compare our numerical results with those obtained by WENO-JS and WENO-Z schemes. The present scheme can capture the shock front and contact discontinuity with correct locations and satisfactory sharpness. From Fig.3.2(b,c) , we can observe that the numerical results obtained by the present FVCW scheme shows significant lower smearing across the discontinuity.
Example 4
In this example, the one dimensional Mach 3 shock-turbulence wave interaction [36] is tested with the following initial conditions
and the final time is t = 1.8. The solution of this problem consists of the interaction of a stationary shock and fine scale structures which are located behind a right-going main shock. As the density perturbation passes through the shock, it produces perturbations developing into shocks with smaller amplitude. Fig.3.3 shows the density on a grid of 200 points for the WENO-JS, WENO-Z and FVCW schemes. The "exact solution" is a reference solution computed by the WENO-JS scheme with 3200 grid points. It is observed that the present finite volume compact scheme captures the fine scale structures of the solution at the high-frequency waves behind the shock better than WENO-JS and WENO-Z, while also maintaining non-oscillatory behavior across the shock wave. The numerical solution is greatly improved with N = 400 and the numerical results are shown in Fig. 3.4 .
Example 5
The one dimensional blastwave interaction problem of Woodward and Collela [40] has the following initial condition
and boundary conditions are reflective. The final time is t = 0.038. The initial pressure gradients generate two density shock waves that collide and interact at later time. The solution of this problem contains rarefactions, interaction of shock waves and the collision of strong shock waves. The "exact solution" of this test problem is a reference solution computed by the WENO-JS scheme with 3200 grid. The density obtained with WENO-JS, WENO-Z and 
Example 6
In this test, we consider one-dimensional low density and low internal energy Riemann problem with the following initial condition (3.4) with N = 400 at t = 0.038. and 3.158E − 01 respectively. The numerical solutions for this low density and low internal energy problem can capture the exact solutions comparably well.
Example 7
In this test, a strong shock wave is generated by an extremely high pressure in the initial condition 3.7 The results of the low density and low internal energy problem (3.5) with N = 400 at t = 0.1.
Example 8
This one-dimensional test problem involves vacuum or near-vacuum solutions with the following initial condition
with h = 0.005 and the final time is t = 0.6. The computed pressure, density and velocity distributions are show in Fig. 3 .9 (left). For this double rarefaction problem, the present FVCW scheme with the HLLC flux has comparable results as those in Zhang and Shu [48] (see their Fig. 5.1 (left) ). The minimum numerical values of the density and the internal energy are small positive values of 2.120E − 04 and 2.201E − 04 respectively.
Example 9
This one-dimensional test problem is the planar Sedov blast-wave problem with the following initial condition Example 10 LeBlanc shock tube problem. In this extreme shock tube problem, the computational domain is [0,9] filled with a perfect gas with γ = 5/3. The initial conditions are with high ratio of jumps for the internal energy and density. The jump for pressure is 10 9 and the jump for density is 10 3 . The initial conditions are given by (ρ, u, e) = (1, 0, 0.1), 0 ≤ x < 3, (0.001, 0, 10 −7 ), 3 < x ≤ 9.
(3.9)
The solution consists of a strong rarefaction wave moving to the left, a contact discontinuity and a shock moving to the right. The discussion of the difficulties in the numerical simulation of this problem can be found in [24, 5, 27] . Numerical results obtained with the present FVCW schemes at t = 6.0 with 400 and 1000 cells are shown in Fig.3 .10. By comparing with the exact solutions, we can observe that the present FVCW scheme preserves positive density and internal energy, and the minimum numerical values for density and pressure are 1.000E − 03 and 1.000E − 07 respectively. A slight overshoot is produced, especially for the internal energy, however similar results are obtained in [24, 5, 27] . Fig.3 .10 shows that the numerical solution is greatly improved as the mesh is refined.
Conclusions
In this paper, we develop a positivity-preserving fifth-order finite volume compact-WENO scheme for compressible Euler equations of fluid dynamics in one dimension based on the idea of finite volume WENO schemes and classical compact schemes. Compared to finite difference compact-reconstruction WENO schemes proposed by Ghosh et. al. [11] , the positivity-preserving limiter is used to preserve positive density and internal energy un-der a finite volume framework. An approximate HLLC Riemann solver is used due to its efficiency, robustness and accuracy. The present scheme increases the accuracy and spectral properties of the classical WENO schemes for a given order of convergence. Compared to classical small length scale fifth order finite volume compact schemes, the present scheme keeps the essentially non-oscillatory properties for capturing discontinuities. Numerical results have shown that the present scheme is positivity preserving, high order accurate, and can produce superior resolutions and lower truncation errors compared to the classical WENO schemes. Extension the FVCW scheme to multi-dimensional problems contributes our future work.
